Probabilities from Normal Distributions

Normal Distributions
Normal distributions are bell-shaped and symmetrical.  If the mean of the distribution and the standard deviation are known, then the position and shape of the distribution is known.  From there, probabilities can be determined for less than a value, greater than a value, or between two values.

Probability of less than a value
In the week 4 spreadsheet, the mean and standard deviation are typed in at the top.  Then the top set of distributions calculate the probabilities of less than x, greater than x, or between two values of x.

If a normal distribution had a mean of 20 and a standard deviation of 1.8, then we could find the probability of a value from that distribution being less than 17.  In the spreadsheet, it would look like this:

[image: Chart

Description automatically generated with medium confidence]With the given values in the green cells, the probability of less than 17 is shown in the yellow cell as 0.04779, or a bit less than 5%.










In that same distribution, if we wanted the probability of more than 19, the middle distribution would be used.  The mean and the standard deviation still be to be typed in at the top.  It would look like this:

[image: Chart

Description automatically generated]The probability of a value being more than 19 is 0.710743, or about 71%.









Finally, we can also determine the probability of a value being between two values of x.  In this same distribution, we could find the probability of a value being greater than 17 and less than 19.  In the spreadsheet, it would look like this:

[image: Chart, histogram

Description automatically generated]

The P(17 < x < 19) is 0.24167 or about 24%.  It is also true that P(17 ≤ x ≤ 19) = 0.241467.  The equalities in a continuous distribution have a probability of nearly 0, so do not impact the probabilities.



Both the distributions below, A and B, are normal distributions.  Since distribution A is shifted to the right, the values in that distributions are higher or larger than those in distribution B.  Therefore, the mean of distribution A is higher than the mean of distribution B.  The mean of a normal distribution is based on the position of the middle or high point of the distribution.  

[image: ]
On the other hand, distribution B has the larger standard deviation as its values are more spread out or disperse than those in distribution A.  The shape reflects the standard deviation.

Area and Probability
The total area under the normal distribution, of course reflects 100% of the area.  The area is related to the probability.  In the picture below, values of x less than -0.24 have a probability of 0.4052 occurring.  The blue shared area shown below reflects 0.4052 or 40.52% of the total area under the curve.
[image: ]
Unusual Events
The text uses the definition of less than 5% as being an unusual event.  This is a common measure to use.  Based on this definition, any event with a less than 5% chance of occurring would be considered an unusual event.
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EXAMPLE 1 Understanding Mean and Standard Deviation

1. Which normal curve has a greater mean?
2 Which normal curve has a greater standard deviation?
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SOLUTION

1. The line of symmetry of curve A occurs at z = 15. The line of symmetry of curve B occurs at & = 12. So, curve A has a greater mean
2. Curve Bis more spread out than curve A. So, curve B has a greater standard deviation

TRY IT YOURSELF 1
1. Which normal curve has the greatest mean?
2 Which normal curve has the greatest standard deviation?
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. 0.4052. So, the area to the left of 2 = —0.24 is 0.4052, as shown in the figure at the left. -
[ag < Properties of a Norm... z 09 08 07 .06 05 04 03
) -34 | .0002 .0003 .0003 .0003 .0003 .0003 .0003
= g"t"’b"’["pe'“es of a Normal —33 | .0003 .0004 .0004 .0004 .0004 .0004 .0004
iribation —-32 | .0005 .0005 .0005 .0006 .0006  .0006 .0006
Q SOLUTION >
-05 2776 .2810 .2843 2877 12912 2946 2981
3 SoLuTION > —04 | 3121 3156 3192 3228 3264 3300 .3336
—03 | 3483 3520 3557 3594 3632 3669 3707
A —02 | 3859 .3897 3936 3974 4013 14090
—01 | 4247 4286 4325 4364 4404 4443 4483
=@ —0.0 | 4641 4681 4721 4761 4801  .4840 .4880
You can use technology to find the cumulative area that corresponds to = = —0.24, as shown at the left. Note that to specify the lower bound, use —10, 000.

Area =
0.4052

TRY IT YOURSELF 3
1. Find the cumulative area that corresponds to a z-score of —2.19.
2 Find the cumulative area that corresponds to a z-score of 2.17

Answer: Page A35

o] When the z-score is not in the table, use the entry closest to it. For a z-score that is exactly midway between two z-scores, use the area midway between the corresponding areas. -
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